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This  memorandum  discusses  a comparison  that  was  made  of  two  methods 
of  determining  damping  coefficients  of  a free,  damped  system.  Although 
both  methods  have  been  used  in  the  calibration  of  the  electronic  cir- 
cuitry that  was  used  in  the  tests,  they  may  also  be  used  in  mechanical 
damping  tests  of  plates,  beams,  structures  and  materials. 

EXPERIMENTAL  PROCEDURE  ^ 

In  each  method,  three  sets  of  oscillograms  were  taken  for  each 
1/3  octave  band  center  frequency  beginning  at  200  cps  and  ending  at 
16,000  cps. 

Method  1 

Reference  (a)  gives  a detailed  description  of  the  instrumentation 
used  for  this  method.  Figure  1 shows  the  setup  of  this  instrumentation. 

The  decade  attenuator  in  the  circuit  was  used  to  calibrate  the  vertical 
scale  (dbs./cm.)  of  the  oscilloscope.  The  horizontal  scale  of  the 
oscilloscope  was  then  calibrated  in  seconds  per  centimeter.  These  two 
calibrations  had  to  be  done  using  a continuous  wave  for  each  l/3  octave  band 
center  fbecjrency.  After  the  oscilloscope  was  calibrated,  a pulse  equi- 
valent to  the  1/3  octave  band  center  frequency  was  transmitted.  This 
pulse  and  the  decay  in  the  system  were  recorded  on  the  storage  oscillo- 
scope. A Poloroid  photograph  was  taken  of  each  oscillogram.  The 
entire  procedure  was  repeated  for  each  1/3  octave  band  center  frequency. 
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Method  2 

Figure  2 shows  the  block  diagram  of  the  instrumentation  used  in 
this  method.  It  should  be  notea  that  the  equipment  is  identical  to 
that  used  in  Method  1,  except  that  the  decade  attenuator  is  removed. 

A pulse  was  transmitted  through  the  system  and  the  decay  of  the  elec- 
tronic circuit  was  recorded  on  the  storage  oscilloscope.  A Polaroid 
photograph  of  the  oscillogram  was  taken.  This  simplified  procedure 
was  used  for  each  2/3  ccoave  band  center  frequency. 

In  each  method,  three  set3  of  data  were  taken  and  analyzed,  and 
the  final  results  were  averaged. 

DETERMINATION  OF  DAMPING  COEFFICIENTS 


Method  1 

Reference  (b)  outlines  the  procedure  for  computing  the  decay  rate 
of  a system  with  a single  degree  of  freedom.  In  place  of  the  logaten 
described  in  reference  (b),  a logarithmic  amplifier  and  a decade 
attenuator  were  used  for  the  purpose  of  obtaining  the  vertical  scale 
calibration  constant. 

In  this  method,  using  the  circuitry  of  Figure  1,  the  decay  rate 
of  the  system  in  db/sec  was  found  from  the  relationship: 


D - 


my 

nx 


(1) 


where:  m = the  calibration  constant  of  the  vertical  scale  of  the 
oscilloscope,  db/cm 

n = the  calibration  constant  of  the  horizontal  scale  of  the 
oscilloscope,  sec/cm 

y - the  vertical  amplitude  of  the  pulse,  cm 

x = the  distance  on  the  abscissa  from  the  pulse  to  the  end 
of  the  decay,  cm 

From  reference  (a),  the  percentage  of  critical  camping,  & c,  cc, 
was  found  from  the  relationship: 

% c/cc  1.84  D/f  (2) 
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where:  D - the  decay  rate,  db/sec 

f - the  1/3  octave  band  center  frequency,  cps 

Method  2 


Reference  (d)  outlines  the  procedure  for  the  calculation  of  the 
damping  ratio  for  use  with  the  instrumentation  of  Figure  2.  The  damp- 
ing ratio  can  be  determined  by  the  relationship: 


Dr 


rJ 


0.75 

n 


(3) 


where  n = the  number  of  cycles  of  motion  in  the  length  of  record 
required  for  the  amplitude  of  the  envelope  of  the  motion  to  decrease  to 
1 % of  its  initial  value. 


From  reference  (f),  the  differential  equation  of  motion  of  a 
viscous  - damped,  linear,  single  degree  of  freedom  second  order  system 
is: 


d 2x 
at2 


where:  m = the  mass, 


+ c 


dx 


kX 


dt 

lb  -sec* 


xn. 


x = the  dependent  variable,  inches 
t = the  independent  variable,  seconds 
c = the  viscous  damping  constant,  in 


= the  spring  constant,  in  -^s. 

inch. 


(4) 


lb.  - sec. 


inch 


For  sub-critical  damping,  the  solution  of  equation  (4)  becomes 
(from  reference  (f,): 
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X = e 


“ T5T 


f cos  qt  + sin  qtj 


where:  x = the  instantaneous  displacement  of  the  mass  in  inches. 

c = the  viscous  damping  constant,  lb.  - sec. 

inch 

m = the  mass,  lb.  - sec 
inch 

t - the  time,  seconds 

e = the  base  of  natural  logarithms,  2.71828 
c-^  = an  arbitrary  constant 


C2  = an  arbitrary  constant 


where:  k = the  spring  constant,  _ 


inch. 


m - the  mass, 


lb. -sec4 
inch. 


c - the  viscous  damping  constant 


lb.  - sec. 


inch. 


The  rate  of  decay  is  controlled  by  the  decay  constant,  k.  It  is  shown, 
in  reference  (e) , that  the  decay  constant  can  be  represented  by  the 
relationship: 


k ~ c 

2m 


lb.-sec. 


where  c - the  viscous  damping  constant,  

2 inch 

m =■  the  mass,  ib«~3ec 
inch 
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In  reference  (d) , it  is  shown  that: 
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■£—  = D (j 
2m  rwn 

Therefore:  k = 

where:  -r  the  damping  ratio 

U = the  circular  frequency,  radians/second 


(7) 


From  reference  (f): 

V = 2 vtf  f (8) 

where:  f = the  frequency,  cps 
|-=  3.1416 

Therefore,  .It  can  be  seen  that; 

k = 2 ir'f  Dr  (9) 

where:  3.1416 

f = the  l/3  octave  band  center  frequency,  cps 
Dr  = the  damping  ratio 

From  reference  (f ) , the  decay  rate  (db/sec)  is  given  by  the  relationship: 

D = 20  log1()  ek  (20  log10e)  k = 8.68  k (10) 

where:  k = the  decay  constant,  lbs. /inch 
Therefore;  D - 2c/(g.68)  f Dr 
-or- 

D = 54.6  f D (11) 
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where:  f the  l/3  octave  band  center  frequency,  cps 
= the  damping  ratio 

From  reference  (a),  the  per  cent  of  critical  damping  is  given  by  the 
relationship: 

i c/cc  =1.34  D/f 

where:  D ~ the  decay  rate,  db/sec 

f = the  i/3  octave  band  center  frequency,  cps 
-or- 

* CAC  = 2'fl1l.34)  (8.68)  (12) 

Therefore: 

^ r-/°c  = 100  Dr 

where:  D = the  damping  ratio 
r 

DISCUSSION  OF  THE  TWO  METHODS 


Method  1 


This  method  involved  the  calibration  of  the  vertical  scale  of 
the  oscilloscope  using  the  decade  attenuator  for  each  center  frequency 
of  the  filter  band.  Also,  the  horizontal  scale  had  to  be  calibrated 
for  each  . , quency.  This  involved  transmitting  a continuous  wave 
through  the  system  each  time.  To  find  the  decay  rate  (db/sec),  equation 
(l)  wa3  used.  To  use  this  equation,  the  calibration  constants  of  both 
the  horizontal  and  vertical  scales  must  be  known.  The  vertical  ampli- 
tude of  the  pulse  had  to  be  measured,  as  well  as  the  horizontal  dis- 
tance from  the  pulse  to  the  end  of  the  decay.  The  percentage  of  criti- 
cal damping  was  found  by  equation  (2). 

Method  2 

This  method,  described  in  reference  (d) , required  only  that  the 
oscilloscope  be  initially  calibrated.  No  calibration  constants  were 
needed.  The  only  measurement  needed  was  the  amplitude  of  the  pulse. 

From  this,  one  could  find  the  location  of  the  point  in  the  decay  where 
the  amplitude  had  decreased  to  1 per  cent  of  the  amplitude  of  the  pulse. 
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The  only  other  information  needed  wns  the  number  of  cycles  that  occur 
between  the  two  points.  This  can  easily  be  counted  from  the  oscillogram. 

The  damping  ratio  was  found  from  equation  (3).  The  decay  rate 
(db/sec)  was  found  from  equation  (ll),  and  the  percentage  of  critical 
damping  was  found  from  equation  (12). 


RESULTS 

Reference  (p)  gives  the  relative  error  as: 

E rel  ' £-  (13) 

where:  e - the  error  or  deviation  from  the  reference  in  this  case 
y the  reference  value 

Reference  (g)  also  shows  the  percentage  error  as: 


y (H) 

Table  I shows  the  average  decay  rates  for  each  freuuency  for 
each  method.  The  percent  error  is  also  shown  using  Method  1 as  a 
reference.  Figure  3 shows  a comparison  of  the  average  decoy  rates  for 
the  two  methods. 

Table  II  shows  the  average  percentage  of  critical  damping  for  each 
frequency  for  each  method.  Figure  4 shows  a plot  of  per  cent  of 
critical  damping  for  the  two  methods. 

DISCUSSION  OF  RESULTS 

Referring  to  Figure  3,  one  can  see  that  the  two  methods  give 
results  that  are  very  close.  The  per  cent  error  is  low  for  frequencies 
from  500  cps  to  16,000  cps.  For  these  same  frequencies,  the  per  cent 
of  critical  damping  for  Method  2 closely  follow  the  per  cent  of  critical 
damping  of  Method  1. 

The  amount  of  time  spent  in  Method  2 wns  considerably  less  than 
that  of  Method  1.  Also,  the  experimental  procedure  cf  Method  2 was 
much  simpler  than  that  of  Method  1. 
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CONCLUSIONS 

Method  2 was  found  to  be  much  more  direct  and  less  time-consuming 
than  Method  1.  The  results  were  very  good  for  frequencies  above  and 
including  500  cps.  It  is  believed  that  Method  2,  can  be  used  with 
confidence  and  with  little  chance  of  error  for  those  frequencies  from 
500  cps  to  16,000  cps.  One  must  be  more  careful  for  frequencies  below 
500  cps.  In  the  'writer's  opinion,  Method  1 would  be  better  for  fre- 
quencies below  500  cps.  Both  methods  may  be  used;  to  conduct  mechanical 
damping  tests  of  plates,  beams,  structures,  and  materials;  and  to  cali- 
brate the  instrumentation.  It  is  recommended  that  Method  1 be  used  1 

for  systems  with  a very  small  amount  of  damping. 

Yl 

HOWARD  N.  PHELPS,  JR. 

Mechanical  Engineer  ] 
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